We study the duality between theories of a fundamental scalar or fermion coupled to U (N ) Chern-Simons gauge theory at the level of the three-sphere partition function, or equivalently entanglement entropy across a circle. The duality relation between the sphere free energies of the large N bosonic and fermionic conformal theories is sensitive to certain shifts in the ChernSimons level already at order N . We first study a similar duality in a N = 2 supersymmetric Chern-Simons matter theory, where it can be checked exactly using localization. At large N , the free energies of supersymmetric and non-supersymmetric theories are related in a simple way, and we use this fact to obtain an explicit solution for the scalar and fermion free energies which obey the duality map and have the expected weak and strong coupling behaviors. We also suggest that a worldline representation of the free energy allows to relate its calculation to a sum of Wilson loops in pure Chern-Simons theory. In the supersymmetric case, we find that this approach precisely reproduces the localization prediction. In the non-supersymmetric case, we observe that a result consistent with the boson/fermion duality can be obtained using a certain framing prescription, which remains to be understood. We also briefly discuss the case of massive theories, and compare the small mass expansion of the free energy to previously known results for the correlation functions of bilinear operators in flat space.
Introduction and Summary
There is growing evidence that the three-dimensional conformal field theories obtained by coupling Chern-Simons (CS) gauge theory to scalars or fermions in the fundamental representation obey a non-perturbative duality relating the bosonic and fermionic theories. Essentially, this amounts to a version of bosonization for non-abelian conformal gauge theories in 3d. First suggestions of this boson/fermion duality were made in the context of studying the large N limit of these theories and their AdS/CFT duals [1] [2] [3] . In particular, it was proposed that the bosonic and fermionic vector models are dual to parity breaking versions of Vasiliev higher-spin theory [4] , generalizing the earlier conjectures of [5] [6] [7] for bosonic and fermionic vector models without CS interactions. The boson/fermion duality is suggested by the structure of the dual higher-spin theories, 1 and also by the constraints imposed by the weakly-broken higher-spin symmetries at large N [15, 16] . A first concrete suggestion for the duality map at finite N was made in [17] . Studying the mapping of monopoles and baryons [18] , as well as consistency with known level/rank dualities in pure CS 1 See e.g. [3, 8, 9 ] for reviews of higher spin/vector model dualities. Explicit calculations of some 3-point functions in the parity breaking HS theories that match the expected results in CS-vector models were given in [8] . Recently, further systematic tests were performed in [10] [11] [12] , following the field redefinition proposal made in [10] , see also [13, 14] . theory, it was then refined and generalized in [19, 20] , resulting in the following finite N duality maps involving CS theory with unitary gauge group: U (N ) k,k coupled to N f scalars ↔ SU (k) where the notation U (N ) k,k ′ indicates that k is the level of SU (N ) and k ′ the level of the U (1) factor. 2 The integer N f is the number of matter fields in the fundamental representation of the gauge group, and the dualities are conjectured to hold for N f ≤ N (see [21] for a recent proposal on the behavior of these theories for N f > N ). It is implicit that the scalar theories include quartic self-interactions, and the duality applies to the corresponding IR fixed points (masses are tuned to zero to reach the conformal phase). The above dualities were recently also generalized in [22] to orthogonal and symplectic gauge groups, but we will not discuss these cases below. Note that for N f = 0 (or giving masses to the matter fields and flowing to the IR), all these boson/fermion relations reduce to the level/rank dualities of pure CS theory [23] [24] [25] 20] , which are well established for finite N, k. For low N , the above boson/fermion dualities may find applications in condensed matter physics. In particular, in the abelian case (1.1)-(1.3) were shown to be part of a web of dualities [26] [27] [28] including the particle/vortex duality [29, 30] , as well as new fermion/fermion dualities [31] [32] [33] . For further related work, see e.g. [34] [35] [36] [37] [38] [39] [40] .
While there is evidence and several consistency checks that the dualities hold at finite N , it is hard to obtain explicit tests of them due to their non-perturbative nature. Many non-trivial calculations confirming the duality have nevertheless been obtained in the large N 't Hooft limit with N/k fixed (and N f = 1 or held fixed in the large N limit). These include matching correlation functions of local operators [17, [41] [42] [43] , thermal free-energies [1, [44] [45] [46] [47] and S-matrices [48] [49] [50] . Further evidence also comes by relating the non-supersymmetric dualities to well-established supersymmetric ones [51, 52] via RG flow [46, 53] . Being in the planar limit, all such tests do not distinguish between the different versions of the duality (1.1)-(1.3), and also they are not sensitive to the half-integer shifts of the Chern-Simons level.
In this note, we explore a different test of the duality, based on comparing the value of the sphere free-energy F = − log Z S 3 for dual theories, where Z S 3 is the partition function on a Euclidean three-sphere with round metric. For a CFT, this is a well-defined physical quantity, which turns out to be related to the entanglement entropy across a circular entangling surface [54] . Its physical interest also stems from the fact that it provides an analog of the 2d c-theorem [55] and 4d atheorem [56, 57] that applies to 3d quantum field theories: if an RG flow trajectory connects a CFT in the UV to another CFT in the IR, then the sphere free energy satisfies F U V > F IR [58] [59] [60] (see [61] and references therein for a recent review).
In supersymmetric theories with N ≥ 2, the sphere partition function can be computed exactly by the method of supersymmetric localization [62] [63] [64] . This has proved to be an invaluable tool to obtain non-perturbative tests of various SUSY dualities [65-67, 51, 52] , see [68] for a review and a more complete list of references. In non-supersymmetric interacting field theories, it is in general very hard to compute F exactly. Here we will focus on the large N 't Hooft limit, where the existing calculations mentioned above provide evidence that the Chern-Simons vector models should be essentially exactly solvable at any value of the 't Hooft coupling. 3 We will focus on the case of N f = 1, but all of our calculations can be extended to higher N f , as long as N f is held fixed in the large N limit. As in previous large N tests, our considerations in the planar limit do not distinguish between the different versions of the duality (1.1)-(1.3). However, as explained in Section 3, it turns out that matching of the sphere free-energy is sensitive to the finite shifts in the CS level appearing in the duality map. Essentially, this is because the pure Chern-Simons theory has a non-trivial partition function on S 3 , which is known exactly [72] . In the large N limit, the free-energy of the CS vector models has a term of order N 2 coming from the pure CS contribution, and a term of order N coming from planar diagrams with a fundamental matter loop. To order N 2 , the duality is satisfied thanks to the level/rank duality of CS theory. To the order N , one obtains a non-trivial duality relation (3.9) which includes a term that depends on the planar CS free energy, arising from the order-one shifts of the level in (1.1)-(1.3).
In Section 2, we first discuss a closely related duality [52] for a N = 2 theory with a single fundamental chiral field coupled to CS gauge theory. At large N , the duality relation to order N involves an analogous mixing with the pure CS term as in the non-SUSY case, and we use localization to derive the large N free energy and verify the duality explicitly. We then move on in Section 3 to the discussion of the non-supersymmetric duality, and use it to derive constraints on the λ → 1 strong coupling limit of the scalar and fermion free energies. In Section 3.1, we argue that in the large N limit the supersymmetric and non-supersymmetric free energies are related in a simple way, so that the scalar and fermion free energies are determined in terms of a single unknown function of 't Hooft coupling. The boson/fermion duality implies that this function should satisfy a certain functional equation, and in (3.19) , (3.20) we obtain an explicit solution of this equation satisfying all the relevant weak coupling and strong coupling "boundary conditions". This is one of the main results of this note. We do not prove that this solution is unique, but it appears to be non-trivial that a solution of the duality relation with the correct behavior does exist. It would be very interesting to perform an explicit perturbative calculation of the free energy on S 3 and compare to the perturbative expansions (3.21) . In Section 4, we then study a representation of the sphere free energy in terms of a quantummechanical path integral for a particle moving on S 3 . It is well-known that one-loop effective actions in quantum field theory may be expressed in terms of worldline path-integrals, see e.g. [73] [74] [75] [76] . While in this note we focus on S 3 , the worldline approach works in principle on any manifold, and it would be interesting to generalize our calculations to other backgrounds. For instance, a calculation of the free energy on the thermal hyperbolic space S 1 × H 2 [77, 78] with temperature T = 1/(2π) would give an alternative way to obtain F , and for T = 1/(2πq) it would yield predictions for the Renyi entropies S q of these models.
In Section 4.1, we first review the calculation of the free-field sphere free energies using the worldline approach (which is essentially equivalent to the heat-kernel method), in particular rederiving the known values [59] of F for free conformal scalar and fermions. We then move on to the interacting CS vector models in Section 4.2. Through the worldline representation, the free energy in the large N limit can be related to the computation of Wilson loop expectation values in pure CS theory on S 3 , and a path-integral over closed loops using the worldline action. The topological nature of CS theory suggests that this may be computed exactly in terms of multiply wound circular Wilson loops (which are the saddle points of the worldline action). While this seems plausible, we do not prove it rigorously here. Nevertheless, under this assumption we show that, in the supersymmetric theory, the worldline approach precisely reproduces the free-energy computed via localization in Section 2. In the non-supersymmetric theories, we observe that a result consistent with the duality, and precisely coinciding with the solution constructed in Section 3.2, can be obtained using a peculiar framing prescription for Wilson loop expectation values, which remains to be understood. In Section 4.3, we conclude by applying the worldline method in the presence of mass parameters. The small mass expansion encodes integrated correlation functions of theφφ andψψ operators, and we find that 2-point and 3-point functions, which are fixed up to an overall constant by conformal symmetry, have a structure in agreement (modulo fixing certain contact terms in the case of 3-point functions) with known results [17, 41] obtained using light-cone gauge in flat space.
N = supersymmetric duality
Let us start by discussing a close supersymmetric analog to the boson/fermion duality. Consider the theory of a single N = 2 chiral superfield in the fundamental of U (N ) coupled to the ChernSimons gauge field at level k. After eliminating all auxiliary fields, the action reads (we follow the conventions in [44] )
where the pure Chern-Simons action is
where A µ = A a µ T a , with T a generators of U (N ) in the fundamental, and the trace is normalized in the canonical way, tr(T a T b ) = 1 2 δ ab . This theory satisfies a "chiral" version [52] of the Giveon-Kutasov duality [51] . It is expected to be self-dual under the duality map (see also [53] )
Note that here k is taken to be half-integer because the models involve a single fundamental fermion.
In particular, this ensures that the right-hand side of (2.3) makes sense (here and below, we will assume for simplicity of notations that k is positive). Non-trivial tests of this duality map can be obtained by computing the sphere partition function on both sides. Using supersymmetric localization, this can be in principle derived for any N and k. Here we will be interested in the structure of the duality at large N . In the U (N ) k theory, the free energy in the large N 't Hooft limit has the expansion
where λ = N/k is the 't Hooft coupling. In this expansion, F CS (λ) is the planar free energy in pure CS theory, and B susy (λ) is the contribution to the free energy coming from planar vacuum diagrams with matter loops. The explicit form of F CS (λ) is derived in the appendix starting from the exact result at finite N and k [72] , and reads
Comparing with the free energy of the dual theory with U (k + 1 2 − N ) −k gauge group, one finds that at large N the duality is satisfied provided
It is easy to see that the identity in the first line is satisfied by (2.5), and it just follows from level-rank duality of pure CS theory. The identity in the second line is less trivial. It does not have a form of a simple self-duality of B susy (λ) under λ ↔ 1 − λ: there is a non-trivial right-hand side that essentially comes from the order 1 shift in the rank on the right-hand side of (2.7), and the fact that pure CS theory has a non-trivial sphere free energy. A similar effect is at play in the non-supersymmetric boson-fermion duality discussed below. Using (2.5), we can write (2.7) more explicitly as
We can check explicity (2.8) by computing B susy (λ) using localization. The exact result for the partition function is given by (see e.g. [79, 68] for reviews)
where
(2.10)
In the large N limit, the distribution of the eigenvalues u i is determined by the pure CS theory (this is because matter is in the fundamental), and one can use the eigenvalue density for the Chern-Simons matrix model [79] given by
and the coupling t is related to the CS 't Hooft coupling by analytic continuation, t = 2πiλ. Then, one can see that the large N free energy F N =2 = − log Z has the expansion (2.4), with
To leading order in the large N limit, the R-charge ∆ is equal to the free field value ∆ = 1 2 +O(1/N ), and one gets
where we have used the fact that the density is symmetric in u → −u and the identity ℓ(1/2 + ix) + ℓ(1/2 − ix) = − log(2 cosh(πx)). This integral can be evaluated as follows. First, it is convenient to define the function b(t) = tB susy (t) . (2.14)
Taking the derivative with respect to t, one gets 4
15) where in the second step we have used the change of variables x = 2 sinh −1 y. Integrating in t with boundary condition b(0) = 0, we get the result
Analytically continuing to real CS 't Hooft coupling by sending t → 2πiλ, we obtain (disregarding a purely imaginary part)
At weak coupling, this function has the expansion
and at "strong" coupling
The leading term at weak coupling is the well-known contribution of a free chiral superfield, and it is the sum of the free scalar and free fermion contributions (see [59] and eq. (4.11), (4.19) below).
Having the exact result (2.17), one can now explicitly verify that (2.8) is indeed satisfied. This is readily seen using the polylogarithm identity
Finally, let us note that it is instructive to rewrite (2.13) in the following way. Using
we see that 5
But this eigenvalue integral just represents the expectation value of a circular Wilson loop, multiply wrapped n times, in pure CS theory. In other words, we can write
where W n denotes the multiply wrapped circular Wilson loop, and the average is in pure CS theory in the planar limit. 6 Below we show that this form of the result can be recovered from a worldline representation of the free energy.
Non-supersymmetric boson/fermion duality
The non-supersymmetric boson/fermion duality relates the "critical scalar" theory coupled to Chern-Simons
where it is assumed that we flow to the IR fixed point reached by adding the relevant quartic interaction (and tuning the mass to zero), and the fermion theory
The linear term in u drops out because the density is symmetric in u → −u. 6 We define Wn so that the perturbative expansion is Wn = 1 + O(t), i.e. we include a factor of 1/N in front of
The rank and level of the two theories are related according to the duality map [17, 19] 
Note that in the large N limit, to the order we work, we do not distinguish between versions of the duality (1.1)-(1.3) involving SU or U groups, and also we are not sensitive to the whether the U (1) level is k or k + N , and therefore we will write the duality as (3.3). Here we have assumed the convention where k is the CS-level that arises when the theory is regularized with a Yang-Mills term in the UV, and the 't Hooft coupling is given by λ = N/(N + k). We can also write the duality in terms of the levelk in the dimensional reduction [80] conventions
In this case there is no shift of the level at one-loop (or equivalentlyk may be viewed as a renormalized level,k = k + N , that takes into account the one-loop shift by N ), and the 't Hooft coupling
We want to study the implications of (3.3) at the level of the three-sphere free energy at large N . First, we note that the value of the sphere free energy at the IR fixed point of (3.1) is not affected by the quartic interaction to order N , because that interaction can be viewed as the analog of a "double-trace" deformation, and it only affects the free energy to order N 0 , 7 see also Section 4.3.1 below. In other words, the critical scalar free energy, up to to order N , is the same as the one of the "regular" scalar theory
This is the theory that appears in the alternative version of the duality, where one maps the "regular CS-scalar" to the critical (Gross-Neveu) CS-fermion theory.
To be more precise, in such regular scalar theory one should also add the classically marginal
N 2 (φφ) 3 coupling (and, similarly, one also has a classically marginal coupling ∼ (ψψ) 3 in the critical fermion theory, sinceψψ has dimension 1 + O(1/N ) at the UV fixed point). However, such coupling is exactly marginal at large N , so it again does not affect the value of the sphere free energy in the planar limit. Equivalently, we can see this by noting that this would be a "triple-trace" term, which also implies that it does not affect the sphere free energy to the order N . To summarize, at the level of the CFT sphere free energy in the planar limit, we can then consider the theories (3.5) and (3.2) and ignore the difference with the critical versions. Note that this is no longer true in the presence of mass parameters (the massive case will be discussed in more detail in Section 4.3 below). It is also not true in the case of the thermal free energy on S 1 × R 2 (or S 1 × S 2 ), which even in the planar limit is different for critical and regular theories (and it does depend on λ 6 ) [44, 45] .
To compute the sphere partition functions, one places the theories (3.5) and (3.2) on the round 7 In an AdS dual description, it corresponds to changing the boundary condition to the bulk field dual toφφ, and this does not change the bulk free energy at tree level. 6) where the term 3/(4r 2 )φφ in the scalar theory is the conformal coupling to the sphere curvature. We will set the radius r = 1 in what follows.
S 3 and computes the path-integrals
The free energies of scalar and fermion theories have the following large N expansions
and 8) where N, λ are the rank and 't Hooft coupling in the respective theories. Then, one finds that the duality map (3.3), or (3.4), expanded at large N , holds to order N provided that 8 9) and the dominant term of order N 2 is the same as (2.6) and works automatically as in the SUSY case by virtue of level/rank duality in pure CS theory. As in (2.7), we see that there is a non-zero right-hand side in (3.9), which is due to the half-integer shift in the CS level on the fermionic side of (3.3).
At weak coupling, using the known values of F for free conformal fields [59] , we have
Then, the duality relation (3.9) together with the explicit form of the CS free energy (2.5), predicts the following behavior as λ → 1
The logarithmic term in the strong coupling behavior of B fer comes from F ′ CS (λ), and thus crucially depends on the mixing with the Chern-Simons term.
Relation to supersymmetric free energy
In this section we derive a relation between the sphere free energy of the N = 2 SUSY theory (2.1) and the non-supersymmetric CS-scalar and CS-fermion theories. We can actually consider a more general theory with fundamental bosons and fermions coupled to U (N ) k CS theory
where in the supersymmetric theory g 4 , g 6 , g ′ 4 , g ′′ 4 have some fixed values that can be read-off from (2.1), and are of order λ in the large N limit.
One can see that the only couplings that could contribute to the computation of the free energy of the model (3.12) to order N are g 4 and g 6 (a similar fact holds for the thermal free energy [44, 45] ). In fact, in the conformal case (when masses are tuned to zero), one can see that the sphere free energy to order N is independent of g 4 and g 6 as well. This is because these couplings are doubletrace and triple-trace deformations and so will affect the free energy starting at order N 0 (note that this is not true in the case of the thermal free energy, which does depend on g 4 and g 6 to leading order in N [44, 45] ). Then, at large N the free energy of the N = 2 model may be obtained from
To the order N , the fermion and boson contributions decouple and we have 14) or in other words 9 B susy (λ) = B sc (λ) + B fer (λ) (3.15) with B susy (λ) given in (2.17) . This implies that the scalar and fermion free energy are determined by a single unknown function of 't Hooft coupling
A solution to the duality map
Using the relation (3.16), the supersymmetric duality relation (2.7), and the boson/fermion duality (3.9), one can obtain the following functional equation that g(λ) should satisfy
A consistency check of this equation is that the right-hand side is indeed symmetric under λ ↔ 1−λ. This is not obvious, but follows from the explicit form of F CS (λ).
An explicit solution to (3.17) satisfying the "boundary conditions" (3.10) and (3.11) is given by
Plugging this solution into (3.16) one then obtains the scalar and fermion free-energies
These satisfy the expected boson/fermion duality relation (3.9), and have the correct behavior at λ ≪ 1 and λ → 1. The explicit perturbative expansions are found to be and the λ → 1 behavior is in agreement with (3.11) . Note that in the small λ expansion (3.21) the terms of highest transcendentality (beyond the λ 0 term) are the same in scalar and fermion theories, and are fixed by the supersymmetric result, see (2.18).
While we cannot prove that the solution (3.18) is unique, it seems non-trivial that such a relatively simple solution with the correct behavior exists. Of course, it would be interesting to check the above perturbative expansions (3.21) by a direct Feynman diagram calculation on S 3 .
4 Worldline representation of the free energy 4.1 Free scalar and fermion heat kernel as sum over geodesics Consider a free massive complex fundamental scalar on S 3 . The free energy is given by the one-loop determinant
where the factor of 3/4 comes from the conformal coupling to the scalar curvature (we set the radius r = 1 in what follows), so that m 2 = 0 corresponds to a conformal scalar field.
One has the following representation of the determinant on a general manifold [73] [74] [75] [76] 
where the path-integral is over closed loops on the manifold, and the worldline action is that of a relativistic scalar particle on a curved space with metric with metric g µν (x). In this formula we have allowed for a general coupling to the scalar curvature parameterized by the constant ξ. A conformally coupled field in 3d corresponds to ξ = 1/8 and m = 0.
The path-integral over x(τ ) with periodic boundary condition computes the trace of the scalar heat kernel at coincident points
Dx trP e
where K(x, x ′ ; t) satisfies the heat equation
In the case of S 3 , the scalar heat-kernel is known exactly, see e.g. [81] . Choosing ξ = 1/8, so that ξR = 3/4 and m 2 = 0 gives the conformal scalar, the heat kernel is given explicitly by
sin σ e
Here σ(x, x ′ ) is the geodesic distance between x and x ′ , and the sum over n corresponds to a sum over geodesics from x to x ′ which wind n times along a great circle; n = 0 corresponds to the "direct path" between x and x ′ .
To obtain the one-loop determinant, we have to take the trace of the scalar heat kernel at coincident points. Taking the limit σ → 0 of (4.5) (and using a symmetric prescription for the summation over n), one finds
This result has a natural interpretation from the point of view of the quantum mechanical path-integral (4.2). The sum over n corresponds to the sum over the classical saddle points, i.e. the solutions to the equation of motion coming from the worldline action
with boundary condition x µ (0) = x µ (1), namely closed geodesics. On S 3 with the round metric, these are circular loops winding n times around an equator of S 3 . For each such saddle point, one then computes the path-integral over quantum fluctuations around it. In other words, one writes
where x n (τ ) is the n-wrapped geodesic, and ξ(τ ) are quantum fluctuations with periodic boundary conditions. The path integral can be then expressed as 10
In (4.6), the first term in parenthesis is the contribution of the trivial geodesic (n = 0), and the factor e β comes from the path-integral over quantum fluctuations. The second term in (4.6) is then the contribution of the non-trivial geodesics, where the factor e −n 2 π 2 /β corresponds to the classical worldline action evaluated on the n-wound geodesic. 11 As far as we know, the result (4.6) was not derived in the literature directly from the quantum mechanical path-integral, 12 nevertheless the known exact solution for the heat kernel has the expected structure.
To obtain the one-loop determinant, we have to integrate (4.6) over the proper time β. Then we obtain the S 3 free energy for a free complex scalar field
where we have used vol(S 3 ) = 2π 2 . Specializing to the conformal case m = 0, this reduces to
This is the expected result for the F coefficient of a free (complex) conformal scalar [59] . Note that in this heat kernel approach, this is obtained from a "sum over geodesics" which appears to be more convergent than the sum over eigenvalues of the differential operator [59] (see also [79] ). 10 The factor of vol(S 3 ) (4πβ) 3/2 comes from the integration over the translational zero mode, which is the "base point" for the geodesic.
11 Using the standard polar coordinates ds 2 = dθ 
2 ) = n 2 π 2 /β. 12 The contribution of the n = 0 geodesic can be seen to match general results for the small β expansion of the heat kernel on general metric obtained directly from the worldline path-integral, see e.g. [82, 76] , but we are not aware of a direct calculation of the path-integral around the non-trivial geodesics.
The two approaches should be related by a Poisson resummation. The "duality" between sum over geodesics and spectral sum can be seen more generally on symmetric spaces, see [81] .
For non-zero mass, the sum (4.11) can be evaluated explicitly in terms of polylogarithms This agrees with the known result given e.g. in [83] . The small mass expansion reads
Note that the coefficient of m 2n in this expansion is related to the integrated n-point function of the j 0 =φφ operator in the free massless theory. For two and three point functions, corresponding to the m 4 and m 6 terms, this can be checked using the integrals [56, 59] :
where s(x, y) is the chordal distance (recall that correlation functions of primaries on the sphere can be obtained from those in flat space by a conformal transformation, which essentially amounts to replacing |x − y| → s(x, y).) Note that the term of order m 2 is missing in (4.13) as expected from conformal invariance, as one-point functions on the sphere vanish in a conformal theory.
A similar analysis can be carried out for a free Dirac fermion. The free energy can be obtained from the one-loop determinant of the iterated Dirac operator, which admits a worldline representation in terms of N = 1 supersymmetric quantum mechanics
where the path integral is with periodic boundary conditions (PBC) on x µ and antiperiodic (ABC) on ψ µ , and D τ ψ ν =ψ ν +ẋ ρ Γ ν ρσ ψ σ . This path-integral computes the trace of the spinor heat kernel at coincident points, which satisfies the heat equation for the squared Dirac operator. The explicit expression for the spinor heat kernel on S 3 can be found in [84] . It is given by the 2 × 2 matrix (i.e. it is a bispinor)
where τ are Pauli matrices and n a unit 3-vector. Taking the trace over spinor indices and the limit of coincident points, one obtains
2 − β − 4n 2 π 2 β (4.17) As in the scalar case above, this has an interpretation as a sum over the classical solutions of the worldline action, i.e. the multiply wound geodesics on the sphere. Integrating (4.6) over the proper time, one gets the free energy for a free massive Dirac fermion on S 3
In the conformal case, this gives The coefficients of this expansion reproduce the integrated n-point functions of theψψ operator in the free massless Dirac fermion theory. Note that the order m 3 does not appear, since the 3-point function vanishes by parity symmetry.
Chern-Simons interactions and sum over Wilson loops
The worldline representation described in the previous section can be generalized to include the coupling to the U (N ) Chern-Simons gauge theory. The sphere free energy of the scalar and fermion theories takes the form (3.6), and hence involves computing one-loop determinants in the presence of the gauge field. Let us start with the scalar theory, and focus on the massless case for the remaining of this section. The relevant one-loop determinant in (3.6) has the worldline representation
Dx trP e Here the trace is over the U (N ) indices and P denotes the usual path-ordering. The trace tr is in the fundamental representation. Note that the dependence on the gauge field is through the Wilson loop operator
Inserting the worldline representation (4.22) into the partition function (3.6), we may proceed by first performing the path-integral over the gauge field, before the average over closed paths. We have
where · · · CS denotes the average in pure CS theory, normalized by the CS partition function. Using large N factorization 13
we can then approximate
Therefore, the free energy F sc = − log Z sc at large N takes the form (3.7), with B sc (λ) given by
where the Wilson loop expectation value is computed in pure CS theory in the planar limit. Therefore, we find that we can obtain B sc (λ) by computing the expectation value of a Wilson loop supported on the loop x(τ ) in pure CS theory, and then averaging over all closed loops using the worldline action in (4.28) . Note that this representation of the planar free energy is valid in principle for any manifold, not just S 3 (more generally, one can add a curvature coupling βξR and mass term βm 2 to the quantum mechanics action). A similar worldline approach was used in [86, 87] in the context of QCD in four dimensions.
We now attempt to exactly evaluate the worldline path-integral in (4.28) in the case of S 3 . As in the free case reviewed above, the calculation should take a form of a sum over the classical saddle points, and a path-integral around each classical solution. Namely, we can write
where x n (τ ) is a geodesic corresponding to a multiply wound great circle, path-integrate over ξ(τ ), and sum over all n. depend on the continuous parameter β that controls the perturbative expansion. Therefore, we expect, at least naively, that we may replace
In other words, generically, we expect that the fluctuations ξ(τ ) would produce some kind of "wavy" deformation of the great circle, and the Wilson loop expectation value on such a wavy line in pure CS theory should be the same as the one of the circular "unknot" x n (τ ). One may worry about whether non-generic deformations ξ(τ ) could introduce self-intersections, or make the loop knotted. In this case, the expectation value would depend on the topology of the knot. It would be important to study this more carefully. Here we will assume that (4.30) holds, and proceed under this assumption. Then, the insertion of the Wilson loop in (4.28) does not affect the path-integral over quantum fluctuations around the n-wound circular geodesic, and just modifies the classical contribution of each geodesic. Denoting W xn(τ ) CS ≡ W n , the result then should take the same form as in (4.11)
Integrating over β (and dropping some purely imaginary term), we then get
(4.32)
A similar calculation applies to the fermion theory. The generalization of the N = 1 SUSY quantum mechanics action (4.15) in the presence of a background gauge fields yields the following representation for the one-loop determinant (for m = 0)
(4.33) Inserting this into the partition function (3.6), and using large N factorization as discussed above, we find F fer = N 2 F CS (λ) + N B fer (λ) + . . . with
Note that in this case we get a "super"-Wilson loop that depends both on the closed path x µ (τ ) and the antiperiodic fermionic variable ψ µ (τ ). However, expanding this operator in powers of ψ µ inserts factors of the field strength into the ordinary Wilson loop operator, and in turn such insertions are equivalent to adding small deformations of the contour. Due to the topological nature of CS theory, we then expect that (at least for smooth loops without self-intersections) the super-Wilson loop operator in (4.34) is in fact independent of ψ µ , and can be replaced by the ordinary Wilson loop operator. Assuming the arguments above leading to (4.30) apply, we can then simply insert the expectation value W n of the n-wound circular loop into the free field result (4.17), and end up with
which yields
As a check of (4.32) and (4.36), we can compare to the expected supersymmetric result using the large N relation (3.15) . This gives 37) which is indeed in precise agreement with the localization prediction (2.23).
To evaluate the sums explicitly, we need the expression for the expectation value of a multiply wound unknot. It is well-known that Wilson loop expectation values in CS theory depend on a choice of framing [72, [88] [89] [90] [91] . This is essentially a choice of regularization that allows to define the "self-linking" integrals of loops in a way consistent with topological invariance, and is labelled by an integer f ∈ Z (which represents the linking number of the loop C with its slightly displaced framing loop C f ). With the simplest choice of framing (the more general case will be discussed below), corresponding to f = 0, the expectation value of the n-wound unknot at large N takes the form [72, 92] 
Let us first consider the supersymmetric case. Inserting (4.38) into (4.37) gives
which agrees with the result (2.17) obtained from the large N limit of the matrix model.
In the non-supersymmetric scalar and fermion theory, using the f = 0 result (4.38) into (4.32) and (4.36), one gets
These have the following behavior at small λ and as λ → 1
Note that the λ → 1 behavior does not agree with the one predicted by the duality, eq. (3.11). Indeed, one can verify that (4.40) and (4.41) do not satisfy the duality relation (3.9).
A potential resolution to this disagreement can be obtained by studying the dependence of the result (4.32) and (4.36) on the choice of framing parameter f ∈ Z. The multiply wound unknot expectation value with framing f is given for finite N in [91] (see also [93] ). In the large N 't Hooft limit, it reduces to
This result may also be written in terms of the Jacobi polynomials P
One can check that for f = 0, this reduces to (4.38) . Another notable value is f = 1: this is the choice of framing which is automatically picked by the localization calculation, see e.g. [63] and the Appendix. Note that for n = 1 (4.44) gives W f n=1 = e iπf λ sin(πλ) πλ , but for general n the framing dependence is not simply through an overal phase, see for instance eq. (B.2) for the f = 1 case. 14 Using (4.44), one can verify that, remarkably, the term in the sum (4.32)-(4.36) involving (−1) n /n is independent of the framing
14 One may write a multiply wound Wilson loop as a sum of Wilson loops in hook representations [90] . For each irreducible representation, the framing dependence is through an overall phase only, but the phase factor depends on the representation. The somewhat complicated framing dependence of the multiply wound loop (4.44) reflects this fact.
More precisely, the above equality holds up to a purely imaginary piece linear in f . Here and below, we will consistently drop imaginary terms and focus on the real part of the free energy (this can be done for instance by averaging the f and −f framings). Note that (4.46) implies in particular that (the real part of) the SUSY result (4.39) is independent of f .
On the other hand, the sum involving (−1) n /n 3 turns out to depend on f , but in a simple quadratic way and it is straightforward to compute higher orders in this expansion. Note that this result implies that the highest transcendentality terms of the small λ expansion of (4.32), (4.36) are not affected by the framing parameter and are controlled by the SUSY result.
Comparing with the small λ expansion of (3.18) and (4.40),(4.41), we find that the expansion (4.48) of ∆B(λ) in fact corresponds to the closed form expression
with g(λ) given in (3.18) . It then follows that we can obtain a result consistent with the duality relation (3.9) by adding a "correcting" term to the f = 0 results (4.40),(4.41) as
and
These results coincide with the solution (3.19), (3.20) constructed in Section 3.2, and hence the corresponding free energies satisfy the duality (3.9). While it seems suggestive that a relatively simple combinations of f = 0 and f = 1 framed Wilson loops yields a result consistent with duality, the origin of such prescription is unclear. One possibility is that the specific combination of Wilson loop expectation values appearing in (4.50), (4.51) effectively implements a refinement of the arguments around eq. (4.30). A direct perturbative calculation of the free energy on S 3 would be very useful to further clarify these issues.
Small mass expansion
It is straightforward to generalize the calculations of the previous section by adding a mass term. This can be done by including a factor e −βm 2 in the proper time integrals (4.31) and (4.35) . In the scalar case, after integrating over β we get
For non-zero mass, the large N sphere free-energies of "regular" and "critical" scalar are different. Let us first consider the regular scalar theory (the critical case is discussed in the next section). In this theory, we can also add a (φφ) 3 interaction and study the dependence on the corresponding coupling constant λ 6 . Introducing a pair of auxiliary fields, we can replace
The path-integral over σ setsφφ = ρ, yielding back the sextic interaction. In the large N limit, we can compute the free energy as a function of ρ and σ, and look for saddle point solutions with constant ρ and σ. Therefore, we may directly eliminate σ using the classical equations of motion, and work with
where we have rescaled ρ by a factor of N for convenience. The order N term in the free energy of the regular scalar theory is then given by
where B sc (λ, m 2 ) is given in (4.52), and ρ * is the solution to the saddle point equation for ρ:
It is interesting to derive the small mass expansion of the free energy, since its coefficients are related to the integrated correlation functions of the j 0 =φφ operator. This can be done by solving (4.56) in powers of m 2 , and plugging back into (4.55). It will be convenient to introduce the notation 16 (8S 1 − λ 6 S 3 1 ) + . . ., and plugging this into (4.55) yields
where B sc (λ) is the free energy in the conformal case discussed in the previous section. Note that the term of order m 2 drops out, consistently with conformal invariance (this follows from S 0 = −1/2 and holds for any choice of framing).
Let us specialize to the simplest choice of framing of the Wilson loop, f = 0. Then we find
From the term of order m 4 in (4.58), and using the 2-point integral in (4.14), we can then read off the 2-point function normalization to be
where the free correlator refers to the theory of N complex scalar fields, with j 0 =φφ. This result precisely agrees with the explicit calculation in light-cone gauge done in [17] . Interestingly, it arises here in a gauge independent way as a sum over Wilson loops (4.59) .
From the term of order m 6 and the 3-point integral in (4.14), we read off the 3-point function normalization
This has the same structure of the result obtained in [16] from weakly broken higher-spin symmetry, usingλ = tan( πλ 2 ) [17] , and provided one identifies the parameter a 3 defined in [16] to be a 3 ∝ λ 6 . However, the explicit calculation in light-cone gauge performed in [17] gave a 3 ∝ λ 6 − 24π 2 λ 2 . In other words, we find that our result (4.61) would agree precisely with the one in [17] only if we redefine λ 6 → λ 6 − 24π 2 λ 2 , or equivalently add to (4.53) a term − 4λ 2 N 2 ρ 3 . One may view the "regular" scalar theory defined by (4.53) as a Legendre transform of the critical scalar theory (see the next section), where, before making it dynamical, ρ plays the role of source for the σ correlators. Then modifying the coefficient of the ρ 3 term is equivalent to modifying the contact term in the σ 3-point function, which is scheme dependent.
Let us now move to the (regular) fermion theory. Including the e −βm 2 factor in (4.35) and integrating over β, we get
The small mass expansion reads
and we see that the term of order m drops out, as expected from conformal invariance. Using the f = 0 result (4.59), and (4.14), we can read off from the m 2 term the 2-point function normalization of thej 0 =ψψ operator
which is again in agreement with the direct light-cone gauge calculation in [41] . Note that the m 3 term is absent in (4.63). The 3-point function ofψψ is expected to be a pure contact term [41] , which is scheme dependent. The calculation above apparently picks a scheme where it vanishes.
One may adjust such contact term by adding by hand a m 3 term to the free energy (viewing m as the constant part of the source that couples to the operatorψψ).
Critical theories
The critical scalar theory coupled to Chern-Simons is obtained by adding the
4N (φφ) 2 term and flowing to the IR. In the large N limit, we can describe this theory by introducing a HubbardStratonovich auxiliary field
In the IR limit, the quadratic term in σ can be dropped, and one can work with the action 66) At large N , we can perform the φ path-integral assuming constant σ, and extremize in σ at the end. Using the result for the massive scalar in the previous section, we have
where σ * is the value of σ extremizing B sc (λ, m 2 = σ). But since the derivative of B sc (λ, m 2 ) with respect to m 2 vanishes at m = 0 (because one-point functions are zero in the conformal theory on S 3 ), then σ * = 0 and the critical scalar result coincides with the massless scalar one at large N , as also explained in Section 3 above
When we add a mass deformation, this is no longer true. Let us therefore consider the mass deformed critical theory defined by
At the level of the sphere free energy at large N , we then find
where σ * is determined by extremizing
Solving this equation perturbatively at small m and plugging back in (4.70), one finds
Using the 2-point integral in (4.14) with ∆ = 2, and the f = 0 result (4.59), the order m 2 term in the above expansion implies that the flat space 2-point function of σ is
This agrees with the result in [17] (it essentially follows from the regular theory result (4.60) by the Legendre transform). The 3-point function in the large N critical scalar theory is expected to be a pure contact term [17] (at λ = 0, this is well-known [94] ). The non-zero coefficient of the term of order m 3 in (4.72) should come from integration over the sphere of this contact term. Such contact terms are expected to be scheme dependent (from the free energy point of view, they can be changed by adding a term proportional to m 3 ).
Finally, let us discuss the critical fermionic theory. This can be obtained from the "regular" fermion theory by a Legendre transform
where we have included an arbitrary mass parameter and sextic coupling (σ plays the role ofψψ at the UV fixed point). The order N term of the free energy is obtained from The 2-point function agrees with the expected result [41] . The λ f 6 dependence of the 3-point function also precisely agrees with the one derived in [41] , however the result given there also includes an additional λ f 6 -independent term that originates, via the Legendre transform, from the 3-point function ofψψ in the regular fermion theory, which is a pure contact term and hence expected to be scheme dependent. Similarly to the case of the regular scalar theory discussed above, in the critical fermion theory (4.74) one may adjust such contribution by adding an extra term proportional to σ 3 , or equivalently redefining λ More precisely, this is the free energy of the U (N ) k,k+N theory, i.e. with the level of the U (1) factor taken to be k + N . One can check that it exhibits the level-rank duality
The free energy for the SU (N ) k theory can be obtained from the one in (A.1) by subtracting the U (1) factor 1 2 log((k + N )/N ), see e.g. [95] . For the U (N ) k,k ′ theory, with k ′ being the level of the U (1) factor, one has F U (N ) k,k ′ = F SU (N ) k + 1/2 log(k ′ /N ). One can verify that F U (N ) k,k ′ and F SU (N ) k satisfy all the relevant level/rank dualities listed in [19, 20] .
We are interested in the expansion of the free energy (A.1) in the 't Hooft limit
The free energy has the large N expansion 15 F CS (N, λ) = N 2 F CS (λ) + F (A.6) 15 To be more precise, there is also a term of order log N that essentially comes from the path integral measure, see [95] . We can formally incorporate it in F
CS (λ), which has the explicit expression F
CS (λ) = This result agrees with the one obtained in [25] . We can evaluate the integral for instance by using log(2 sin(πλx)) = − which agrees with the result given in [97] (see also [92, 95] ). It is straightforward to verify that F CS (λ) satisfies the level-rank duality, which at large N amounts to (2.6). We also note that the small λ expansion of (A.9) reads where a = 2 cosh −1 exp(t/2) and the eigenvalue density is given in (2.11), and recall that t is related to the 't Hooft coupling by analytic continuation, t = 2πiλ. Performing the integral by similar methods as in (2.15) for real positive t, and then analytically continuing to imaginary t, one gets One can verify that these results agree with the f = 1 case of the general framing answer given in (4.44). The reason for the appearance of the f = 1 choice of framing in the localization framework was explained in [63] .
